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1. ëY¼ê�¥m�½n( ½0�½n).

�: �f(x)3[a, b]þëY, Kéu?¿�c ∈ [m,M ], Ñ�3ξ ∈

[a, b]¦�f(ξ) = c, Ù¥m = min
x∈[a,b]

f(x),M = max
x∈[a,b]

f(x).

2. lim
x→x0

f(x)�3k��CauchyÂñOK.

�: lim
x→x0

f(x)�3k�, ��=�

∀ε > 0, ∃δ > 0, ∀x′, x′′ (0 < |x′ − x0| < δ, 0 < |x′′ − x0| < δ):

|f(x′)− f(x′′)| < ε.

3. ¼êf(x)3x = x0?�����½Â.

�: �f ′(x)3x0�,���þk½Â. e

lim
x→x0

f ′(x)− f ′(x0)
x− x0
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�3k�, K¡f(x)3x0?����, �T4���f(x)3x0?

����ê, P�f ′′(x0).

���!!!ÀÀÀJJJKKK(zzzKKK5©©©,���10©©©)

1. e�·K¥Øý�´ (C).

(A) ef(x)©O3[0, 1]Ú[2, 3]þëY, Kf(x)3[0, 1] ∪ [2, 3]þ��ë

Y;

(B) e lim
x→0+

f(x) = A, Klim
x→0

f(x2) = A;

(C) e lim
x→0+

f(x) = A, Klim
x→0

f(x3) = A;

(D) ef(x)©O3[0, 1)Ú(1, 2]þ��ëY,Kf(x)3[0, 1)∪ (1, 2]þ�

½k..

2. �¼êf(x)÷v

f
((−1)n

n

)
=

(−1)n

n
+ o(

1

n
) (n→∞)

Ke�·K¥Øý�´ (D).

(A) ef(x)�üN, Kf(x)3x = 0?ëY;

(B) ef(x)�î�üN, Kf ′(0) = 1;

(C) ef(x)�ëY, Kf(x)3x = 0?Ø�½��;

(D) ef(x)���ëY, Kf ′(0) = 1.

nnn!!!WWW���KKK(zzz���KKK3©©©, ���24©©©)

1. ­�(y − 1)3 = x− 2�$:´ (2, 1);

1 2� ( � 7� )



2. ý� (x−2)2
a2 + (y−1)2

b2 = 1 (Ù¥a, b > 0) L:(x0, y0)����§�:

(x0 − 2)(x− 2)

a2
+

(y0 − 1)(y − 1)

b2
= 1;

3. �x → +∞�, e�Cþ¥=
´Ã¡�þ, ¿òù
Ã¡�þ

l$��p�ü�:

lnx, xx, x2, [x]!, 3x

�Y: ln x, x2, 3x, [x]!, xx;

4. ®�lim
x→1

x2+ax+b
x−1 = 1, K a = −1, b = 0;

5. lim
x→+∞

(sin
√
x2 + 1− sin

√
x2 − 1)= 0;

6. �sin(ax3 + bx2 + cx + d)3(−∞,+∞)þ��ëY, Ka, b, c, d�

����´:

a = 0, b = 0, c ∈ (−∞,+∞), d ∈ (−∞,+∞);

7. �f(x) = lim
n→∞

nx−n−x

nx+n−x , K �Ù (a.)mä:;

�Y: x = 0, 1�a

8. �f(x) = (x2 + x− 2)n arctan2 x2 , Ù¥n���ê, ¦f (n)(−2) =
π2

16(−3)
nn!.

ooo!!!���äää{{{���KKK (���äääeee���···KKKýýý���. XXXJJJ���(((���, ���£££���“´́́”,

¿¿¿������{{{���yyy²²²; XXXJJJ���ØØØ���, ���£££���“ÄÄÄ”, ¿¿¿ÞÞÞ���~~~½½½ööö`̀̀²²²nnn

ddd.) (zzz���KKK5©©©, ���20©©©)

1. �f(x)3k.4«m[a, b]þ��, Kf ′(x)3[a, b]þk..

�: Ä.
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f(x) =


|x|α sin 1

x , x 6= 0

0, x = 0

Ù¥α ∈ (1, 2).

f ′(x) =


−α(−x)α−1 sin 1

x − (−x)α−2 cos 1
x , x < 0

0, x = 0

αxα−1 sin 1
x − x

α−2 cos 1
x , x > 0

f(x)3[0, 1]þ��, �´f ′(x)3[0, 1]þÃ..

2. ê�{xn}é?¿��êp, Ñk lim
n→∞
|xn+p − xn| = 0, K{xn}�Ä

��.

�: Ä.

xn = 1 +
1

2
+ · · ·+ 1

n− 1
+

1

n

K{xn}uÑ, �´é?¿��êp, Ñk lim
n→∞
|xn+p − xn| = 0.

3. �¼êf(x)3(−∞,+∞)þ���f ′(0) > 1, K�3δ > 0¦

�f(x)3(−δ, δ)þüNO\.

�: Ä.

f(x) =


2x+ 4x2 sin 1

x , x 6= 0

0, x = 0

f ′(0) = 2; �x 6= 0�,

f ′(x) = 2 + 8x sin
1

x
− 4 cos

1

x
.

1 4� ( � 7� )



�xn = 1
2nπ , Ù¥n ∈ N+, Kf ′(xn) = −2, l
Ø�3δ > 0¦

�f(x)3(−δ, δ)þüNO\.

4. �¼êf(x)3(−∞,+∞)þ��ëY,Kf(2x+sinx)3(−∞,+∞)þ

���ëY.

�: ´.

Pg(x) = 2x+ sinx, Kg′(x) = 2 + cosx, l


1 ≤ g′(x) ≤ 3

d¥�½n�g(x)3(−∞,+∞)þ��ëY;qf(x)3(−∞,+∞)þ

��ëY, �f(2x + sin x) = f ◦ g(x)3(−∞,+∞) þ���ë

Y.

ÊÊÊ!!!OOO���KKK(zzz���KKK5©©©, ���10©©©)

1. � lim
n→∞

an = a, ¦ lim
n→∞

√
10a10+

√
11a11+···+

√
nan

n3/2
.

): Stolzúª�

= lim
n→∞

√
n+ 1an+1

(n+ 1)3/2 − n3/2
= lim

n→∞
an+1 lim

n→∞

√
n+ 1

(n+ 1)3/2 − n3/2

= a lim
n→∞

√
n+ 1

(n+ 1)3/2 − n3/2
= a lim

n→∞

√
n

n3/2((1 + 1
n)

3/2 − 1)

= a lim
n→∞

√
n

3
2 n

3/2 1
n

=
2

3
a .

2. �f(x) =


2x
ex−1 , x 6= 0

2, x = 0

, ¦f (4)(0).

): dex�Maclaurinúª�

1

2
f(x) =

x

x+ 1
2!x

2 + 1
3!x

3 + 1
4!x

4 + 1
5!x

5 + o(x5)

1 5� ( � 7� )



=
1

1 + 1
2!x+

1
3!x

2 + 1
4!x

3 + 1
5!x

4 + o(x4)

= 1− (
1

2!
x+

1

3!
x2 +

1

4!
x3 +

1

5!
x4) + (

1

2!
x+

1

3!
x2 +

1

4!
x3)2

−( 1
2!
x+

1

3!
x2)3 + (

1

2!
x)4 + o(x4)

= 1 + · · ·+ (− 1

5!
+

1

4!
+

1

(3!)2
− 1

8
+

1

16
)x4 + o(x4)

= 1 + · · ·x3 − 1

720
x4 + o(x4)

Ïd

f (4)(0) = 4!× 2(− 1

720
) = − 1

15
.

888!!!(10©©©) ¦

lim
x→0

(
cosx+ e−

1
x2 arctan

1

x2
+ xe−

1
x2 sin

1

x2
)e 1

x2

): dln(1 + u) ∼ u�

ln
(
cosx+ e−

1
x2 arctan

1

x2
+ xe−

1
x2 sin

1

x2
)

∼ (cosx− 1) + e−
1
x2 (arctan

1

x2
+ x sin

1

x2
) (x→ 0)

Ïd

lim
x→0

e
1
x2 ln

(
cosx+ e−

1
x2 arctan

1

x2
+ xe−

1
x2 sin

1

x2
)

= lim
x→0

e
1
x2
(
(cosx− 1) + e−

1
x2 (arctan

1

x2
+ x sin

1

x2
)
)

= lim
x→0

e
1
x2 (cosx− 1) + lim

x→0
(arctan

1

x2
+ x sin

1

x2
)

= − lim
x→0

e
1
x2 · x

2

2!
+
π

2
= −∞.

�

lim
x→0

(
cosx+ e−

1
x2 arctan

1

x2
+ xe−

1
x2 sin

1

x2
)e 1

x2

= e−∞ = 0.
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ÔÔÔ!!!(10©©©) �f : R 7→ R3x = 0?ëY, f(0) = 0, �÷v

f(x1 + x2) ≤ f(x1) + f(x2), ∀x1, x2 ∈ R

y²f3Rþ��ëY.

yyy²²²: f : R 7→ R3x = 0?ëY, f(0) = 0, �

∀ε > 0, ∃δ > 0, ∀x (|x| < δ): |f(x)| < ε.

∀x′, x′′, ��|x′ − x′′| < δ, Òk

f(x′) ≤ f(x′′) + f(x′ − x′′) < f(x′′) + ε

f(x′) ≥ f(x′′)− f(x′ − x′′) > f(x′′)− ε

lll!!!(10©©©) �f(x)3[0,+∞)þn���, �

lim
x→+∞

f(x) = A, lim
x→+∞

f ′′′(x) = 0,

y²: lim
x→+∞

f ′(x) = lim
x→+∞

f ′′(x) = 0.

yyy²²²:

f(x+ 1) = f(x) + f ′(x) +
1

2
f ′′(x) +

1

6
f ′′′(x+ λx)

Ù¥λx ∈ (0, 1);

f(x− 1) = f(x)− f ′(x) + 1

2
f ′′(x)− 1

6
f ′′′(x− µx)

Ù¥µx ∈ (0, 1).

üª�\, ��

f(x+ 1) + f(x− 1) = 2f(x) + f ′′(x) +
1

6
f ′′′(x+ λx)−

1

6
f ′′′(x+ µx)

�� lim
x→+∞

f ′′(x) = 0.

üª�~, ��

f(x+ 1)− f(x− 1) = 2f ′(x) +
1

6
f ′′′(x+ λx) +

1

6
f ′′′(x+ µx)

�� lim
x→+∞

f ′(x) = 0.
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